CALDERON-ZYGMUND OPERATORS WITH NON-DIAGONAL SINGULARITY 
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ABSTRACT. In this paper, we introduce a class of singular integral operators which generalize 
Calderon-Zygmund operators to the more general case, where the set of singular points of the 
kernel need not to be the diagonal, but instead, it can be a general hyper curve. We show that such 
operators have similar properties as ordinary Calderon-Zygmund operators. In particular, we prove 
that they are of weak-type (1, 1) and strong type (p, p) for 1 < p < oo. 
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1. Introduction 

We say that T is a Calderon-Zygmund operator if T is a continuous linear operator maps 
C<o°(IR n ) j nto D'iW 1 ) that extends to a bounded operator on L 2 (M n ), and whose distribution 
kernel K coincides with a function K(x, y) defined away from the diagonal x = y in R n x R n 
such that 



O 
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(1.1) \K(x,y)\< 1 



x — y\ n ' 



(1.2) \K(x, y) - K(z, y) | + \K(y, x) - K(y, z) \ < ^ 



x-y\ 

hold for some A > 0, e > whenever \x — y\ > 2\x — z\ and for / € C^°(IR Tl ), 



Tf(x)= K(x,y)f(y)dy, x (£ supp (/). 

Using the Calderon-Zygmund decomposition, one can prove that such an operator is of weak 
type (1,1) and consequently strong type (p, p). Therefore, the classical Calderon-Zygmund theory 
is a powerful tool in many aspects of harmonic analysis and partial differential equations ||6]|7][T0] 
[TTl[T3l[l8ll23ti28ll . And it has been widely studied in various directions, e.g., see llT145ll8ll9lfT2l and 
references therein. We refer to lll44fT7l[l9rj23l for some recent advances of the Calderon-Zygmund 
theory. 

Note that the singularity of the kernel K lies in the diagonal x = y. In this paper, we generalize 
the Calderon-Zygmund operator to the more general case, where the set of singular points of the 
kernel K can be general hyper curves. 

We call T a standard hyper curve in W 1 x W 1 and denote it by T G SHC if T is the union of r 
hyper curves Tj in R n x W 1 , 1 < i < r, and satisfies the followings, 

(i) Ti = {(x, 7i(a;)) : x G where ji is a mapping from a closed domain T>i C W 1 to 

(ii) Each ji is differentiable and the Jacobian J 7l (x) of 7, has no zero in the interior of T>{. 

(iii) 7i(x) = 7i'(x) has at most finitely many solutions for 1 < i < i' < r. 
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(iv) Both ji and 7i 1 satisfy the Lipschitz condition, i.e., there exists some positive constant 
c 7 > 1 such that for any x, x' G T>i and y, y' G 7i(£>j), 1 < i < r, 

(1-3) \y t {x) - 7i(x')| < c 7 |x - brHy) - 7 2 rl (y')l < c T |y - 

Note that might be the same for different i. The set SHC consists of many types of hyper 
curves, e.g., see Examples 12.51 and 12.61 For simplicity, we also use 7 to denote the multi- valued 
function 7(2) := {ji(x) : T>i 3 x, 1 < i < r}. 

For any set E C R n , let 7~ 1 (£) = UI=i li\E) = \J r i=1 {x : 7i (x) G £}. 

Let y) = min pi(x, y), where pi(x, y) is the distance from (x, y) to Tj, that is, 

fH(x,v) = , ,inf - (a;',y')l- 

(^'y)eri 

Now we introduce a class of generalized Calderdn-Zygmund operators CZ0 7 , for which the 
singularity of the kernel K lies in a standard hyper curve T. 

Definition 1.1. Let T G SFC be a standard hyper curve in R n x R n . We call T G CZO~ ( ifT is 
a continuous linear operator maps C^°(IR n ) into Z>'(R n ) that extends to a bounded operator on 
L 2 (M n ), and whose distribution kernel K coincides with a function K(x,y) defined on T c such 
that 

(1.4) \K(x,y)\< A 



p{x,y) n 



(1-5) \K(x,y) - K(x,y')\ < ^ |y - y'| < ^y), 

^41^; — x'l^ 1 

(!- 6 ) |K(x,y) - ^(x 7 ,^)! < -T- |x - x'\ < -p(x,y), 

hold for some A, 5 > W/or / G C* c °°(]R n ), 

Tf(x)= K(x,y)f(y)dy, x £ 7~ 1 (supp /). 

It is easy to see that if T is defined by y = 7(2), where 7 is an invertible transform from W 1 to 
M n , then we can make T an ordinary Calderon-Zygmund operator with a simple change of vari- 
ables. However, if 7 is not invertible, e.g., T is a closed hyper curve, then the change of variables 
does not work (see Examples 12.51 and 12. 6b - In other words, CZO^ is a proper generalization of 
ordinary Calderon-Zygmund Operators. 

We show that operators in CZ0 7 have similar properties as ordinary Calderon-Zygmund op- 
erators. In Section 2, we consider the truncated kernels and operators and give a formula for the 
difference betwwen two operators which share the same kernel. In Section 3, we show that every 
operator in CZO y is of weak-type (1, 1) and strong type (p,p) for 1 < p < 00. 

Notations and Definitions. For a set E C W 1 , E c = R n \ E, E stands for the closure of E, and 
\E\is the Lebesgue measure of E. 



2. Truncated Kernels and Operators 

In this section, we study the truncated kernels and operators for T G CZOj. 
The following result can be proved with the same arguments as that in the proof of ifTTl Propo- 
sition 8.1.1]. 



CALDERON-ZYGMUND OPERATORS 



3 



Theorem 2.1. Let T G CZ0 7 and e > 0. Set 

(2-1) TJ= [ K(x,y)f(y)dy = [ K £ (x,y)f(y)dy, 

J p(x,y)>e JR n 

where K e (x, y) = K(x, y)x p r x y )> £ - Assume that there exists a constant B < oo such that 

sup ||T e || i2 ^ L 2 < B. 

E>0 

Then there exists a linear operator To defined on L 2 (R ra ) such that 

(i) The Schwartz kernel of To coincides with K on T c . 

(ii) There exists some sequence Ej \, such that 

[ (T £j f)(x)g(x)dx^ [ (T f)(x)g(x)dx 

as j ->■ oo for all f,g G L 2 (R n ). 

(iii) To is bounded on L 2 (M n ) w//z fiorra ||To||/ / 2_ i ,/ / 2 < B. 

To consider the difference between T and To, we need more information on the set T. 
Let V C W 1 and {/j : j S J} be a sequence of subsets of V. We say that {Ij : j £ J} forms 
a partition of V if |Ij n If \ = for j ^ f and \V \ \J je J Ij \ = 0. 

Lemma 2.2. There is a sequence of closed cubes {Ij : j G J} which forms a partition of 
\Jl=i Ji^i) such that J^ 1 (Ij) ri7 i 7 1 (/j) =0foranyj G J and I < i < i' < r. 

Proof Let = U[=i7i(A) and F = {y G E n : there exist 1 < i < i' < r and x G 
M n such that y = ji(x) = ^/(x)}. Then Y has only finitely many elements. 

Since every is continuous, for each y in the interior of y \ Y, there is some cube of the form 
I y := E[fc=i[^) W"]' wnere m,l k £ Z and m > 0, such that y € I y C y and 7, rl (^) n 
7 i 7 1 (I y ) = for any 1 < i < i' < r. 

It follows that for different I y 's, either they are mutually disjointed or one is contained in the 
other. Since y\Y = \J y ^yvy ly and {Iy '■ y G "T} is at most countable, we get the conclusion. 

□ 

Theorem 2.3. Let the hypotheses be as in Theorem I2.il Then there exist measurable functions b{ 
on T>i such that 

r 

(2.2) (T-T )f(x) = Y,Ux)f(li(x))xv l (x), a.e. 

i=l 

for all f G L 2 (R n ). Moreover, \h(x)\ 2 ■ j J'* (x)\x Vi (x) G L°°, 1 < % < r. 

Proof. We use notations in Theorem 12.11 By Lemma 12.21 there is a sequence of closed cubes 
{Ij : j G J} which forms a partition of U[=i 7i(A) and satisfies 7j~ 1 (Tj) D (Ij) = for any 
j G J and 1 < i < %' < r. 

First, we prove that for j G J, 

(2.3) (T - T)(gf)(x) = (T - T)(g)(x) ■ /(^(x^i^x), 

where / G L 2 (W l ), g is bounded, supp /, supp g C Ij, and jj is a mapping from j (Ij) to Ij 
which is induced by 7, i.e., for x G 7~ 1 (/ J ), 7,-(x) = 7«(x). 
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Fix some open cube Q C Ij. Observe that 7~ 1 (Q) = 7 _1 (Q) and J~ 1 (Q) = 7~ 1 ( ( 2)- If 
x j~ (Q), then Eq := min g g p(x, y) > 0. Consequently, for < e < Eq, we have 

(T £ - T)(g XQ )(x) = = (T e - T)(g)(x) ■ X %Hq) {x). 

On the other hand, if x G 7 J ~ 1 (<5), then x lj(Ij\Q) = J~ 1 (Ij\Q)- Therefore, min ye ^.\Q p(x,y) > 
0. It follows that for s sufficiently small, we have 

(T £ - T)(g Xlj \ Q )(x) = = (T e - T)(g)(x) ■ x^-i (I ^ Q) (x). 

Consequently, for x G j~ (Q), we have 

(T £ - T)(g XQ )(x) = (T £ - T)(g)(x) - (T £ - T)(g XlAQ )(x) 
= (T £ -T)(g)(x)-x Rn ^~ HlAQ) (x) 
= ( T e ~ T)(g)(x) ■ x--i (Q) (x). 
Summing up the above arguments, we get that for almost every x, whenever e is sufficiently small, 
(T £ -T)(g XQ )(x) = {T £ -T){g){x)- X%HQ) {x) 

= ( T e ~ T)(g)(x) ■ XQ(lj(x))x^i {Ij) (x). 
Taking weak limits in the above equations, we get 

(2.4) (T - T)(g XQ )(x) = (T - T){g){x) ■ X Q {lj(x))x^ {I]) (x), a.e. 

By linearity, we extend (12.41 ) to simple functions, and then to arbitrary / G L 2 (R n ) which is 
supported in Ij, i.e., 

(2.5) (T - T){gf){x) = (T - T)(g)(x) • f(jj(x)) X ~-i {Ij) (x), a.e. 

Assume that Ij = Ylk=ii a j,k, &?,fc]- For t k ,t' k G [a^k, bj^] with t k < t' k , define Ij >t = 
n*=i[°i,k»*fc] and/ j,t' = Ilfc=i[ i.*>**]- Wehave 

(T -T)( Xl J(x) = {T,-T){ Xlu -XiJ{x) 

= i T o ~ T )(Xi^ tl )(x)Xi Jtt (lj(x))x^i (Ij) (x). 

It follows that for x G (Ij,t), we have 

(T -T)( Xl J(x) = (T -T)(x I]tl )(x). 
Consequently, there is a function hj defined on 77 (Ij) such that 

hj(x) = (T - T)( Xl J(x), x G lj\l h t). 
For any / G L 2 (R n ), let fj = f- Xi f Then we have 

(T -T)(f r xiJ(x) = f j ^j{x))(T -T){ Xl . t ){x)x % i {I . ) {x) 

= fj(lj(x))hj(x), xej~\l jjt ). 
By letting (h, ■ ■ ■ ,t n ) ->■ • • • , 6j>), we get 

(T - T)(fj)(x) = fjtfj(x))hj(x), x G %\lj). 
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Observe that (T - T)(/ j )(x) = for x 7, 7l (/j)- We have 



(2.6) (T - T)(/j)(x) = / i (7 i (x))/i i (x)x--i (/j) (x), o.e. 

Since (T - T)(/)(x) = whenever supp / C (UI=i 7;(A)) C , we have 

(T -T)(/)(x) =J2fj(U^)h j (x)x, r i (I . ) (x), a.e. 



3&J 



Note that for every j G J, we have 7- (Jj) = Ui=i 7j (-(?')• Hence 



(T -T)(/)(x) = ^/ / (- / !.r))/^i,-!^\ 



7^) 



2 E U (7i (a:) ) M^)X 7 r 1 ( , ) ( 



r 

i=l jeJ 
By setting 6j(x) = Y. je .J h ji x )X 7T i^dx), we get 
Take some / € L 2 (R n ) and j G J. By dZ6l , we have 

2 



||(T -T)(/- X , 



^2fMx))bi(x)x, 



i=i 



%\h) {X ' 



(x)\ dx 



E / \f{y)k{i- l {y)f\J^{y)\d. 
i=i ^ 



Since || (T - T)(/ • Xj ,)||| < (||T|| L 2_ i2 + i?) 2 ))/ • Xj .|| 2 for any / G L 2 QR"), we have 

r 

^£H%\y))\ 2 \J y My)\<(\\T\\ L 2^+B)\ a.e. on/,, 



i=l 



Hence 



El^WI 2 !^ 1 ^)! <(n| L2 ^ L2 +i?) 2 , a.e. on 7^.)- 



i=l 



Therefore, |6j(x)| 2 IJL 1 ^)] • Xt>X x ) e 1 — * — r - This completes the proof. 



□ 



The following is an immediate consequence, which gives the difference between two operators 
which share the same kernel. 

Corollary 2.4. Let S and T be two operators in CZO-y which share the same kernel K. Then 
there exist measurable functions bi on T>i such that 



(2.7) 



{S-T)f{x)=Y J h{x)f{ li {x)) X - Di {? 



a.e. 



i=l 



for all f G L 2 (M n ). Moreover, \bi(x)\ 2 ■ \J-^{x)\x v .{x) G L°°, 1 < i < r. 
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Proof. Let (5 — X% be defined similarly as T £ in (12.11) . Since S — T has the kernel zero, we have 
(S - T) := lim^oCS - T) £ = 0. Consequently, 

S - T = S - T - (S - T) . 

Now the conclusion follows by Theorem 12.3 1 □ 

Now we give two examples. In the first example, T consists of two hyper curves which have 
one common point. 

Example 2.5. let j(x) = ±x. It is easy to check that 7 determines a standard hyper curve in 
W 1 x R n . By Theorem\2J\ for any T G CZO^, we can find 61,62 G L°° such that 

(T - T )(/)(z) = h(x)f(x) + b 2 (x)f(-x), x G R n , 

And in the next example, T is a diamond. 

Example 2.6. Suppose that n = 1. Let^{x) = ±(1 — \x\)for \x\ < 1, and for \x\ > 1. 77je« 7 
determines a standard hyper curve in RxR By Theorem \2. 3\ for any T G C ZO^, we can find 
bi , 62 £ ?/i<3? 



(T- T„) (/)(*) 



6i(x)/(l-|x|) + 6 2 (x)/(|x|-l), |z| < 1, 
0, lacl > 1. 



3. Weak Type (1,1) and the LP boundedness 

It is well known that a Calderon-Zygmund operator is of weak type (1, 1) and strong type (p,p) 
for 1 < p < 00. In this section, we show that operators in CZ0 1 have the same property. 
First, we give some properties of p(x, y). 

For any x, y G M n , let be the point in Z?j which is most close to x, i.e., 

£i tX = arg min \x — x \. 

x'eVi 

Similarly, 

rj ity = arg min \y - y'\. 

y'e 7 i(T>i) 

For a cube Q, we define %q = {r/j y : y G Q}. 
For any x, y G M n , let 

(3-1) PiO,y) = + |y-7ite,x)|, 

(3-2) y) = \y-m,y\ + l^-7 J rl (^,y)| 5 

p(x,y) = mini^^j-p^x,!/) and p*(x,y) = mini<i< r p*(x, y). 

Next we show that both p{x, y) and p*(x, y) are equivalent to p(x, y). 

Lemma 3.1. For any x, y G M n , we have 

(3.3) PiO^y) < Pi(x,y) < 2(ay + l)pi(x,y), 

(3.4) Pi(x,y) < p*(x,y) < 2(c 7 + l)pi(x,y). 

Proof. Fix some (x, y). There exists some xq G such that pi(x, y) = \(x, y) — (xq, 7i(xo))|- 
If x G T>i, then £j jX = x. It follows that 

Pi{x,y) < \y- %(x)\ 

< \y ~ 7i(xo)\ + H(xo) - 

< \y - 7i(x )| + c 7 |x - x| 
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If x $T>i, then we have 

Pi{x,y) < \x - £ i>x \ + \y - ji(d,x)\ 

< \x -x \ + \y - 7i(x )| + \ji(x ) - -yi(£i >x )\ 

< 2 1 / 2 p i (x,y) + c 7 |x - Ci,x\ 

< 2 1/2 pi(x, y) + c 7 (|x - x\ + \x - £ i)X \) 

< 2 1 ^ 2 p i (x,y) + 2c 7 |x - x\ 

< (2a y + 2)p i (x,y). 

This proves (13.3I ). And (13.41 ) can be proved similarly. □ 
We see from Lemma |3~T1 that 

(3.5) p{x,y) < f>{x,y) < 2(c 7 + l)p(x,y), 

(3.6) p(x,y) < p*{x,y) < 2(c 7 + l)p(x,y). 

In other words, all of p(x, y), p(x, y) and p*(x, y) are equivalent. 

With the result above, we can prove that (11.51 and dl.61 implies the Hormander condition. 

Lemma 3.2 (The Hormander condition). Suppose that the kernel K(x, y) satisfies di.5D omg? rt7.6| ). 
77ze?i f/zere jj some constant C such that 



(3.7) 

1 p(x,y)>2\y-z\ 



I \K(x,y) - K(x,z)\dx <C, 

J o(x.v)>2\v—z\ 



(3.8) / \K(y,x) - K(z,x)\dx <C. 

' p(y,x)>'Ay-A 



Proof. We only need to prove (I3.7I ). And (13.81 ) can be proved similarly. 
Set a = \y — z\. By Lemma |3~T1 we have 



/ \K(x, y) — K(x, z)\dx 

J o(x,v)>2\v-z\ 



lp(x,y)>2\y-z\ 

[ Aa 5 ^ 

Jp(x,y)>2a P(x,y) n+S 

< f A ^f + J/ dx 

Jp*(x,y)>2a p*{x,y) n+d 

r f C'a s 

— / ~( \n+S^ X 

1=1 J~P*(x,y)=p*{x,y)>2a Pi [X,y) 

< v ( ! °' aS dx f c ' a& dx 



I \ J p1(x,y)>2a,\x-% 1 (r h , y )\<a y)" +<5 ■JpU x <y)> 2a '\ x -% 1 (rii,y)\>a Pi( X ' 

< y(c"+I c ' a& 

V V-rrWi^ I* - 7, 1 (^)l ri+5 



< c. 

This completes the proof. □ 
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Given a positive number 9 and a cube Q C K", we define 

Ux : d(x,-yr\ % Q)) <9-£(Q)}, d(Q, 7 i(A)) < 2n l / 2 £{Q), 
I 0, otherwise, 



Qi 



where £(Q) is the side length of Q. Let Q e = Ui<j<r Qi,0- 
The following result is needed in the proof of weak type (1,1). 

Lemma 3.3. Let T € SHC. 

(i) There is some constant C such that for any 9 > 1 and cube Q C M. n , \Q$\ < C0 n |Q|. 

(ii) For 6* > 2n x / 2 + 5n 1 / 2 c 7 and every cwoe Q, we /zave p(x, y) > 2n l l 2 £{Q) for all x Qo 
and y € Q. 

Proof. First, we prove (i). For each 1 < % < r, we only need to consider the case d(Q, ji(T>i)) < 
2n l / 2 £{Q). In this case, there is some such that 

dfaniPi)) = d(Q,7i(A)) < 2n 1 / 2 ^(Q). 
For any x <G Qj^, there is some y x G Q such that 

I*- 7fW)l <9-£{Q). 

It follows that 

< 9 ■ £(Q) + c 7 ^|r7 ij2/j - yi\ + \yi - y x \ + \y x ~ m,y x \) 
= 9 ■ £(Q) + c 1 [d{y i ^ i {V i )) + \yi~y x \ + d(y x ,^i 

(Pi))) 

< 9-£(Q) + 2c 7 (d(y i , li (V i )) + \y i -y x \) 

< ^ + 6n 1/2 c 7 )^(Q). 

Hence 

Q e c\J [x:\x- yr\rH, Vi )\ < {b + Qn l / 2 c^ £{Q)) . 

i 

Since 9 > 1, we have |Q e | < C(9 n [Q|. 

Next, we prove (ii). Fix some 1 < i < r. There are two cases. 

Case 1. d(Q, 7i (£>»)) > 2n l / 2 £(Q). In this case, for any x € W 1 and y € Q, 

pi(x,y) = min \(x, y) - {% l {z), z)\ > min \y - z\ > 2n 1/2 £(Q). 

Case 2. d{Q^ i {V i )) < 2n l / 2 £{Q). We conclude that for any x Q and z € 7* (£>*), 
max{|x - 7~ 1 (*)l> Ii/ " Z W > 2n l / 2 £{Q). 

To see this, take some yi £ Q such that d(yi,ji(T>i)) = d(Q, ji(T>i)) < 2n l / 2 £(Q). If \y — z\ < 
2n l / 2 £{Q), then we have 

\x-l~\z)\ > \x - l-\m,y)\ -\l-\m,y)-l-\z)\ 

> 9 ■ £(Q) - c y \r]i t y - z\ 

> 9-£{Q)-c 1 {\r H , y -y\ + \y-z\) 

> 9 ■ £{Q) - c 7 (\y - yi \ + d( yi , 7i {Vi)) + \y- z\) 
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> {9- 5n l/2 Cj)£{Q) 

> 2n 1 ' 2 £(Q). 

Hence max{|x — ■y^ 1 (z)\, \y — z\} > 2n lj/2 £(Q). Therefore, 

Pi (x,y)= min \(x,y) - (^(z), z)\ > 2n^ 2 £(Q). 

In both cases, we get pi(x, y) > 2n 1 l 2 £(Q). It follows that p(x, y) > 2n 1 / 2 £{Q) for all x Qq 
and y G Q. This completes the proof. □ 

The weak type (1,1) and the LP boundedness for T G CZO^ can be proved similarly to the 
one for ordinary Calderon-Zygmund operators. To keep the paper more readable, we include a 
proof here. 

Theorem 3.4. Let T G CZ0 7 and 1 < p < oo. Then there is some constant C > such that 

(3-9) r/IUi.oc < C\\f\\ L i 

and 

(3-10) ||T/|| L p < C\\f\\ LP . 

Proof. First, we show that T is weakly bounded on a dense set of L 1 (M n ). Fix some / G 
L 1 P|L 2 (]R n ) and A > 0. Form the Calderon-Zygmund decomposition of / at height A. We 
get disjoint cubes {Q k : k G K} such that 



and 



Define 



and 



[/(*)!< A, x$\jQ k 
A < t^-t / \f(x)\dx < 2 n X, k G 

\Qk\ jQ k 

g(x) = 



\Qk\~ 1 fn, f(y)dy, x G interior of Q k , 



b k (x) 



0, x Q k , 

f{x) - \Qk\~ 1 f Qk f(y)dy, x G interior of Q k . 

Since are disjoint, the series b(x) := X^fceK bk{x) is convergent in L 2 (M"). Moreover, for any 

A > 0, 

(3.11) {x : |(T/)(x)| > A} C {x : |(T 5 )(*)j > : |(T6)(x)| > -}. 

Take some > 2n 1 / 2 + Sn 1 / 2 ^. We see from Lemma 1331 that for any cube Q, p(x,y) > 
2\y — z\ for all x ^ Qq and y, z G Q. 

For each k£K, set Q* = {Q k ) B . Let = U fceK Q*k and G * = M " \ B *- Then we have 



(3.12) 



{x: \Tg(x)>$\} < ^ f \Tg(x)\ 2 dx 

1 A hx:\Ta(x\>hX\ 



{x:\Tg{x)>±\} 

< I \g(x)\ 2 dx 

A ./ran 



< 



4IITI 



A 2 



5 (x)| 2 <ix + ^ f 2 n \\g{x)\dx 
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< 



< 



A 2 



f X\f(x)\dx + 2 n X^2 [ \f(x)\d 



2 n+2 

-^-11^1112^2 11./ !| L I. 



On the other hand, we have 
(3.13) 



A 



A 



{x : \Tb(x) > ^|} < \B*\ + \{x € G* : \Tb(x) > -\} 



< C'9 n \ \jQ k \ + ^( \Tb(x)\dx 

C' 'f) n 9 r 

< -t-II/IIi + tE J T h(x)\d 3 



Observe that 



(3.14) 



G* 



\Tb k (x)\dx < 



»\QI 



\Tb k (x)\dx 



dx 



lR n \Qt 



'Qk 



K{x,y)b k (y)dy 



dx 



< 



'Qk 



n \Ql 
\h(y)\dy 



Qk 



(K(x,y) - K(x,y k ))b k (y)dy 



' P{^,y)>2\y-y k \ 



\K(x,y) - K(x,y k )\dx 



< C / \b k (y)\dy, 
JQk 

where yk is the center of Q k and we use Lemma [3721 in the last step. Now we see from (13.141 ) that 



fegK' 



< 




\h{y)\dy 




keK J Qk 




< 




(\f(y)\ + 












\f(y)\dy 




k<EK J< * 


k 


< 


2C||/|| L1 . 





'Qk 



Since f(x) = g(x) + b(x), together with (13121 . (13431 and (|37T5T >. we have 
(3.16) \\Tf\\» < (2"+ 2 ||r||| 2 ^ 2 + C'9 n + AC) H/iii, 

weak v ' 

where / 6 L 1 ^ 2 ^™). 

For any / G L 1 (R n ), we can find a sequence : A; > 1} C L 1 n L 2 (M n ) such that 
11/ -Mil ^0. By (EH), we have 

{x: |(T(/ fc - f k '))(x)\ > A} <^||/ fc -Mill- 
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Hence {Tfk ■ k > 1} is convergent in measure. Since {/& : k > 1} is arbitrary, it is easy to see 
that the limit, denoted by Tf, is independent of choices of {f\ : k > 1}. Hence, ( 13.161 ) is true for 
any / € L 1 (M n ). This proves (pTgJ) . 

By the interpolation theorem, we prove (I3.10P with 1 < p < 2. And by a duality argument, we 
prove (pLlOj) with p > 2. □ 

We see from Theorem 13 .4 I that an operator T € CZ0 1 is well defined on L P (M) for 1 < p < oo. 
As for ordinary Calderon-Zygmund operators, Tf can also be expressed as integrals in some cases. 
Specifically, we have the following result, which can be proved similarly to ifTTI Proposition 8.2.2]. 

Theorem 3.5. Let T be an operator in CZO-y associated with some kernel K. Then for f £ 
L p (M. n ), 1 < p < oo, the following absolutely convergent integral representation is valid: 

(, T f)( x ) = K(x,y)f(y)dy, a.e. on 7~ 1 (supp /). 

Acknowledgements. The authors thank Professor Dachun Yang for very useful discussions 
and suggestions. 
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